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Sufficient conditions are derived for the capture of at least one evader for the Pontryagin example [1] with many participants
and phase constraints imposed on the state of the evaders, with identical dynamic and inertial potentialities of the players, and
with all the evaders using the same control. © 2004 Elsevier Ltd. All rights reserved.

The present paper is closely related to earlier investigations [2-12].

1. FORMULATION OF THE PROBLEM

In the space R* (k > 2) we consider a differential game I" of n + m people: n pursuers P, ... , P, and
m evaders Ey, ..., E,, with the following laws of motion and initial conditions (at ¢ = 0)

! -1
x§)+a1x§ Yy +ax;

U

| <1

1 1-1
y§)+a1y§ )+...+a,yj—v, vl <1

(1.1)

k 1
Xis ¥s Uy ve R s Qs ...,a,e R

xg“)(()) = x?a’ yﬁ.‘”(()) = y;)a, a=0..,[-1

where x7 # y?o for alli,j. Here and below,i = 1, ... ,n,j = 1, ... , m. In addition it is assumed that the
evaders E; do not go beyond the limits of the convex set

D={y:ye Rk, (Ppy)Sf,s=1,...,r}
where py, ..., p, are unit vectors of RFand i, ... 5 W, are real nambers such that Int D = &.
Definition 1. We will say that, in game I', capture occurs if an instant 7' > 0 and measureable functions
(1) = ult, o yop V(-)),  Juir)] €1
exist such that, for any measurable function v(¢), ||[v(®)|| < 1,y,(t) € D, t € [0, T], an instant of time

T € [0, T] and numbers i, j exist such that x;(t) = y(1).
We will assume that n > m.
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2. AUXILIARY ASSERTIONS

Instead of system (1.1), we will examine the system

0] -1
Zj @z ..tz = w—v

(2.1)

0o 0 I-1
Zij(o) = Zijo = Xio— Yo - ( )(0) = qu 1 = xo )’,1 1
We will denote by @,(¢), p = 0, 1, ..., I - 1 the solutions of the equation

! -1
w()+a1w( )+...+a,w =0

with initial conditions
w(©0) = 0,..,w? 70) =0, w?0)=1, w?*P0)=0,.. w0 =0
Proposition 1. All roots of the characteristic equation
Mead '+ 4a =0 (2.2)
have non-positive real parts.

Proposition 2. The function ¢, _(¢) is non-negative for all £ > 0.

Note that Proposition 2 is satisfied if Eq. (2.2) has only real roots. From Proposition 2 and a known
result [10] it follows that Eq. (2.2) has at least one real root. We will denote by A, ... , A, (A; <
< A,) the real roots and by g + ivy, ..., Wy iV, (W S W £ ... S ) the complex roots of Eq (2. 2) by
k, the multiplicity of the root A, and by m,, the multlphclty of the root W * ive. By virtue of Proposition
2 Uy < A,. Further, suppose

(nj(T’ 1, ST, 1), §(T, 1)) = @o(T)(y;(1), x,(2), 2;5(1)) + @ (TN (¥ (1), (1), £5(1)) +

2.3
o (DO P, 1 ), 2 Py @3)

Then the functions (2.3) with ¢ = 0 and the function ¢, _(¢) can be represented in the form
(T, 0) = Zi(T), §(T,0) = Z(T), ELT,0) = Z«T), @_,(0) = ()

Here

s q
= Y exp(AgTIP,g(T) + Y exp(aT)(Qpo(T)cosVoT + R} o (T)sinv,T) 24
B=1 a=1 *

m=ij, n=12

The express10n for X(T') differs from Eq (2.4) in the absence of the superscript # and the replacement
of m by ij, while the expressmn for ¥°(¢) differs in the absence of the subscript m and the replacement
of T by t, and for X°(t) n =

We will assume that &;(7, O) # 0 for alli,jand ¢ > 0, for, if §,,(T, 0) = 0 for certain p, g and T, then
the pursuer P, captures the evader E,, assuming that u u)t) = D(t) We will also assume that Py() # 0
for all i, j, as otherwise the pursuers 1n1t1a11y aim to satlsfy the given condition.

We will denote by vy; the degree of the polynomial Py, and by y the degree of the polynomial P 1t
can be assumed that y; = vy for all {, J, as otherwise the pursuers P; initially aim to satisfy the given
condition, selecting theu‘ controls u; (t) in a fairly small time interval so that the coefficients of ¢ of the
polynomials Py, are non-zero.

Proposition 3. The inequality m, < k; holds for all c € I = {at|py = As}.
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We will put
2 1
Pt P.(t P. (¢
X0 = tim2s?, Y] = T LG R0
ty 7 ! Y
Cop(T, 1) = N (T, H-ng(T,1) = Cop(T+1,0)

M(T,1,B(T+T") =

as t—roe

= exp(-A(T° + T)[@,_ ((T° + 1~ MBI’ + T), v(1))dt
0

We will define the function A: comp(R¥) x I/ — R
AMA, v) = sup{A|A>0,-AA N (V-v)= D}

Here comp(R*) is the space of convex compact subsets R* with Hausdorff metrics, and V' is a sphere
of unit radius.

Lemma 1. Suppose Proposition 1-3 are satisfied, D = R, B;: [0, «0) — R, mfmaxl (BA(T° + 1), v) 2
3 > O for all £ > 0. Then an instant 7' > 0 exists such that, for any permlss1ble function v, a number g
can be found such that

1-M(T,T,B(T+T")<0

3. THE SUFFICIENT CONDITIONS FOR CAPTURE

We will assume that the initial conditions are such that:

(a) if n > k, then, for any set of subscripts I C {1, 2, ..., n}, |I| 2k + 1, the condition Intco{X?,
i e I} # @ holds;

(b) any k vectors from the set {X? - Y? —Y? 1 #r} are linearly independent.

Theorem 1. Suppose Propositions 1-3 are satisfied, D = R, n >k + 1 and
Oe Intco{Zg} (EX))
Then, capture occurs in the game T".

Proof. From the condition of the theorem it follows thatn + m >k + 2 On the strength of a known
result [11, Lemma 3]/ C {1, ... ,n} andJ C {1, ... , m} exist such that {Z,j, ie I,j e J} form a positive
basis and |I| + |J| = k + 2. We will assume that

I={l..,q} J={1,..,1}

If |J| = 1, then capture follows from a known result [10]. We will assume that |J| > 2. From a known
result [10, Lemma 2.4, p. 155] it follows that an instant T exists such that

{EAT°+1,0),iel, je J} (3.2)

form a positive ba51s for any T > 7, t > 0. We will fix one of the given instants T°. Since ET%, 1) =
F,lao(T 1)+ Cq, T° t) foralli e I, o ag, o € J, then

{é,.%(T +1,0),iel, C%a(T +1,0) a#0y oe J}
form a positive basis. Let oy = 1. Then
{8 (T°+14,0),ie I, C,o(T°+1,0), a1, e J}

form a positive basis, and here the number of vectors of the given set is equal to k = 1.
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Sincen 2k + 1, subscriptsq + ao— 1€ {g + 1, ..., n} exist with o € J, o # 1. From a known result
in [10] it follows that a p > 0 exists such that the vectors

(6 (T +1,0), i€ LE o (T +0) +PCio(T°+1,0), ae J, 002 1}
form a positive basis. Suppose
Q) = {v() vl <1, te [0,]}

T(zy) = min{r:¢20, inf max(l-h(2), 1=hy oo 1(1))21}
v () e Q) ho

where
h(t) = 1-M(T,t, BT +T°));
BUT+T") = exp(-A(T° + T))(E (T’ + T, 0) + o Cy o T + T, 0));

k=iel; g+a-1; aelJ, o=l

0, x=iel
Ho =
L, x=g+a-1; oaelJ, ozl

From Lemma 1, T(zg) < .
We specify the controls of the pursuers P;, assuming that (T = T(zg), t € [0, T])

u (1) = V()= MBI’ +T), (1))B(T° + T)

Let ¢, be the smallest positive root of the function / of the form A(¢) = minh,(f). We will assume that
ui(t) = U(t), te [tl, T] Then !

Ei(T% D)+ 1gCro (T 1) = E (TP +1,0) + 1o Cro(T° +1,0) +
+(E(T° +T,0) + 1oCy (T + T, 0)) (hy(£) - 1)
By Lemma 1, for any function v(-), v(-) € Q(T) a number r exists such that 2(T) = 0.
If r € I, then &,(7° T) = 0, and consequently, in game T, capture occurs at the instant of time
T° + T, if we assume that u,(f) = o(T), ¢ € [T, T° + T].

If hy 4 o -11(T) = 0 for certain ag € J, o # 1, then

Eprogn1(TST) = uC, o (T°T) = —uCyy (T"+T,0)

éil(TOa T) = &il(TO"’ T, 0)h,(1)

for all i € I, and consequently

(&1 1), ie 1, je J}
form a positive basis. This means that
AT, T) =M (T, T) # Mg (T, T) =My (T°, T), §(T°, T) - y(T", T}
comprise a positive basis. Hence, it follows that
(T T ie L jed, j#1,-Cp o (T, T)}

comprise a positive basis. Replacing —Cmo(T), T)by &y 4 qp- w(T° T), we obtain that, for any T° > T
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(6T T)ie Tu{g+og—-1}, je J, j#1}
comprise a positive basis. Consequently, the vectors
{E,T°+1,T),ie IU{g+ag-1}, je J, j#1} (3.3)
form a positive basis for any £ = 0.
Condition (3.3) is similar to condition (3.2), but in this case the number of evaders in condition (3.3)

has been reduced by one. Taking the instant T + 7° as the initial instant of time, and repeating the
reasoning until the number of evaders becomes equal to one, we obtain that

E(T+4,T),iel

form a positive basis for any ¢ > 0, where |I| = k + 1. Hence, by virtue of the known result in {10],
capture occurs in game T

Theorem 2. Suppose Propositions 1-3 are satisfied, n > k, and
O0e Intco{Zg., P Prts r21 (3.4)

Then, capture occurs in game I

4. EXAMPLES
Example 1. Systems (2.1) and (2.2) have the form

&) +Z; = w~v, u|<1, Jol<1
Z,‘j(O) = Z?j, zij(o) = Z,'lja Z',‘j(o) = Z,~2j, Z,(‘?)(O) = Z?j
Then
0o(8) = 1, (1) =1t, @(t) = 1—cost, @z(t) = t—sint
Therefore
0 2
é,-j(f,o) = (Po(t)Z,'j+(P1(I)Z,'1j+(P2(t)Zij+(P3(t)z?j =
1, 3 0.2, 2 2.
= 1(z;;+ 7)) + (2 + 2;) — z;;c08t + zj;sint
We assume that Zg- = Z}j + Z;} and Zg 0.
Assertion. Suppose n 2 k and condition (3.4) is satisfied. Then, capture occurs in game T..

Example 2. Systems (2.1) and (2.2) have the form

g

D= u-v, fus1, o<1

z;(0) =z s=0,..,0-1

i

Then
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Therefore

-1

-1
£ 0) = Yoz = X g5
s=0 ’

s=0

We assume that Zg- = Z,-ﬁ-"l and Zg- #0.

Assertion. Suppose n 2 k and condition (3.4) is satisfied. Then capture occurs in game I'.
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