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Sufficient conditions are derived for the capture of at least one evader for the Pontryagin example [1] with many participants 
and phase constraints imposed on the state of the evaders, with identical dynamic and inertial potentialities of the players, and 
with all the evaders using the same control. © 2004 Elsevier Ltd. All rights reserved. 

The  present  paper  is closely related to earlier investigations [2-12]. 

1. F O R M U L A T I O N  O F  T H E  P R O B L E M  

In the space R k (k _ 2) we consider a differential game F of  n + m people:  n pursuers  P1 . . . .  , P ,  and 
rn evaders E l ,  . . . ,  E m  with the following laws of  mot ion  and initial conditions (at t = 0) 

(l) ( l -  1) 
Xi + a l x i  + "'" + algi  = ui, IM-<  ] 

(0 . ~t- ]) 
y j  + a l y  + . . .  + a t y  j = O, [lull < 1 

x i, y ,  u i, o e R k, a l . . . . .  at ~ R] (1.1) 

I o o a)(0) xia ,  Y Yja ,  O~ 0 . . . . .  l - 1  

where  x°0 ~y°  0 for all i , j .  Here  and below, i = 1 . . . .  , n , j  = 1, . . . ,  m .  In addit ion it is assumed that  the 
evaders E j  do not  go beyond  the limits of  the convex set 

D = { y  : y ~  R k, (ps ,  y ) < g s ,  s = 1 . . . . .  r }  

w h e r e p l ,  ... ,Pr are unit vectors o f R  k and ~q . . . . .  ~r are real numbers  such that  Int  D ~ Q. 

Def in i t i on  1. We will say that, in game F, capture occurs if an instant T > 0 and measureable functions 

ui ( t  ) u i ( t  ' o o = xia,  y a ,  1 ) ( . ) ) ,  I[u,.(t)ll _ 1 

exist such that, for any measurable  funct ion v(t), I[ ag(t)I[ < 1, y j ( t )  ~ D ,  t ~ [0, T], an instant of  t ime 
z ~ [0, T] and numbers  i, j exist such that  x i (x )  = yy(x). 

We will assume that  n > m. 
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2. A U X I L I A R Y  A S S E R T I O N S  

Instead of system (1.1), we will examine the system 

(1) ( l - l ) +  . .  = 
z o + a~zq . + alZj i  u i - 1) 

o o o ( l -  1) o o o 
zq(O) = Zijo = Xio - Yo . . . . .  zij (0) = zijt- l = x i t -  1 - Yj t -  l 

(2.1) 

We will denote by %(t) ,p = 0, 1, . . . ,  l - 1 the solutions of the equation 

w(l) + a l w ( l - l )  + . . .  + a l w  = 0 

with initial conditions 

w(O) = 0 . . . . .  w(P-O(O)  = O, w(P)(O) = 1, w(P+O(O) ----- 0 . . . . .  W ( I - I ) ( o )  = 0 

Proposition 1. All roots of the characteristic equation 

~ l + a l ~ , l - l + . . .  + a  t = 0 (2.2) 

have non-positive real parts. 

Proposition 2. The function q0 t_ 1(0 is non-negative for all t _> 0. 
Note that Proposition 2 is satisfied if Eq. (2.2) has only real roots. From Proposition 2 and a known 

result [10] it follows that Eq. (2.2) has at least one real root. We will denote by ~1  . . . . .  ~ s  (~1 < . . . .  , 

< )~s) the real roots and by gl +- iv1, . . . ,  ~tq +- iVq (It 1 < g2 < "" < ~tq) the complex roots of Eq. (2.2), by 
ks the multiplicity of the root ~.s, and by ma the multiplicity of the root ~t~ _ ira. By virtue of Proposition 
2, gq < )~s, Further, suppose 

(rlj(T, t), ~i(T, t), {q (T ,  t)) = ¢Po(T)(yj(t), xi(t),  zq(t))  + ~pl(T)(yj(t) ,  Yci(t), 2ij(t)) + 
(t-l) (t-l) + "" + q)l-1(T)(Y~ l-  l)(t), Xi (t), Zij ( t))  

(2.3) 

Then the functions (2.3) with t = 0 and the function (Pt- 1(0 can be represented in the form 

nj(T,O) = I;~(T), {~(T,O) = Y.~(T), {~j(r ,o)  = Zq(T), qO/_l(t ) = Y~O(t) 

Here 

s q 

z n  = IF, exp(~'I~T)P"m~(T) + ~F, exp(gaT)(Q", ,~(T)c°sv~,T + R"m~(T) sinv=T) 
[~=1 c t = l  

m = i , j ;  n = 1,2 

(2.4) 

The expression for ]~#(T) differs from Eq. (2.4) in the absence of the superscript n and the replacement 
of m by ij, while the expression for Yfi(t) differs in the absence of the subscript m and the replacement 
of T by t, and for Yg(t) n = 0. 

We will assume that ~ij(T, 0) ~ 0 for all i , j  and t > 0, for, if~pq(T, 0) = 0 for certainp, q and T, then 
the pursuer Pp captures the evader Eq, assuming that Up(t) = v(t). We will also assume that Pi#(t) ~ 0 
for all i, j, as otherwise the pursuers initially aim to satisfy the given condition. 

We will denote by 7ij the degree of the polynomial Pijs, and by 7 the degree of the polynomial Ps °. It 
can be assumed that ~j = 7 for all i, j, as otherwise the pursuers Pi initially aim to satisfy the given 
condition, selecting their controls ui(t ) in a fairly small time interval so that the coefficients of ff of the 
polynomials Pijs are non-zero. 

Proposition 3. The inequality m~ < k s holds for all o~ ~ I = {o~[p,~ = ~,s}. 
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We will put 

X~= limP~ t), ~= lim P3:(t), Z°= lim Pi#(t) 
ff t 't 

Cafj(T, t) = Tla(T, t) -rlf~(T, t) = Crtfj(T + t, O) 

Mq(T, t, Bq(T + To)) = 

t 

= exp(-Xs(T ° + T))~9 t_ l(T 0 + t - "c)~,(Bq(To + T), 1)('c))dz 
0 

We will define the function X: comp(R k) × V --> R 

X(A, v) = sup { X [~>0 , -~4  n ( V -  u ) ; eO }  

a s  t - - > ~  

Here  comp(R k) is the space of convex compact subsets R k with Hausdorff  metrics, and V is a sphere 
of unit radius. 

Lemma 1. Suppose Proposition 1-3 are satisfied, D = R k, Bi: [0, e~) -.-~R k, infmaxX (Bi(T ° + t), ~) > 
D l 

8 > 0 for all t > 0. Then an instant T > 0 exists such that, for any permissible function v, a number q 
can be found such that 

1 - M q ( T ,  T, Bq(T+ TO)) <0 

3. T H E  S U F F I C I E N T  C O N D I T I O N S  F O R  C A P T U R E  

We will assume that the initial conditions are such that: 
(a) if n > k, then, for any set of subscripts I C {1, 2, . . . ,  n}, ]I] > k + 1, the condition Intco{X °, 

i ~ I} ~ ~ holds; 
(b) any k vectors from the set {X/° - yO, y0  _ y0, l ~ r} are linearly independent. 

Theorem 1. Suppose Propositions 1-3 are satisfied, D = R k, n > k + 1 and 

0 ~ Intco{Z °} (3.1) 

Then, capture occurs in the game F. 

Proof. From the condition of the theorem it follows that n + m > k + 2. On the strength of a known 
result [11, Lemma 3] I C {1 . . . . .  n} a n d J  C {1 . . . . .  m} exist such that {zOo i ~ L j  ~ J} form a positive 
basis and [I] + l J] = k + 2. We will assume that 

I = {1 . . . . .  q}, J = {1 . . . . .  1} 

If ]J[ = 1, then capture follows from a known result [10]. We will assume that [J[ > 2. From a known 

result [10, Lemma 2.4, p. 155] it follows that an instant 7" exists such that 

{~ij(T 0 "1" t, 0), i ~ I, j ~ J}  (3.2) 

form a positive basis for any T O _> J~, t _> 0. We will fix one of the given instants T °. Since ~i~(T O, t) = 
~io~(T °, t) + Co~, a(T °, t) for all i ~ I, t~ ~ %, o~ ~ J, then 

{~iao(T ° + t, 0), i ~ I, Caoa(T ° + t, O) ~ ~ t~o, o~ ~ J}  

form a positive basis. Let  tx0 = 1. Then 

{ ~ n ( T ° +  t, 0), i ~ I, Cla(T°+ t, 0), o~ ~ 1, o~ ~ J}  

form a positive basis, and here the number of vectors of the given set is equal to k = 1. 
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Since n > k + 1, subscripts q + a - 1 ~ {q + 1, . . . ,  n} exist with c~ e J, a ~ 1. F rom a known result 
in [10] it follows that  a g > 0 exists such that  the vectors 

{~il(TO+ t, O), i ~ I, ~q+ct_ll(T°+ t) + gClcL(T°+ t, O), o~ ~ J, 0~ ~ 1} 

form a positive basis. Suppose 

~ ( t )  = {v t ( . ) ;  Ilv(~)[[ < 1, x ~ [0, t]} 

T(Zo) = min{t  : t > 0 ,  inf max(1 -h i ( t ) ,  1 -hq÷a_l(t))>_ 1} 
o,(.)~ ~(t) ~,~ 

hE(t ) = 1 -M,~(T,  t, B~(T + TO)); 

B~(T + T °) = exp(-3.s(T ° + T ) ) ( ~ I ( T  ° + T, 0) + goCla (T  ° + T, 0));  

= i e  I; q + c x - 1 ;  a ~  J ,  a ~ l  

~¢ = q + c z - 1 ;  

where  

From L e m m a  1, T(zo) < oo. 

c ~  J,  c ~ : l  

We specify the controls of  the pursuers  Pi, assuming that  (T  = T(z0), t ~ [0, T]) 

u~(t) = v(t) - ~.(B~(T ° + T), v( t ) )B~(T ° + T) 

Let  tl be  the smallest positive root  of  the function h of  the form h(t) = minhi(t ). We will assume that  
ui(t) = v(t), t ~ [q, T]. Then  

~ I ( T  °, t) + goCla(T °, t) = ~K1(T ° + t, 0) + goCl~(T ° + t, 0) + 

+ ( ~ I ( T  ° + T, 0) + goCla (T  ° + T, 0))(h~(/)  - 1) 

By L e m m a  1, for  any funct ion a~(.), v(.)  ~ Y~(T) a number  r exists such that  hr(T ) = O. 
If r E /,  then ~ra(2m, T)  = 0, and consequently,  in game F, capture  occurs at the instant of  t ime 

T O + T, if we assume that ur(t) = a)(T), t ~ [T, TO + T]. 
I fhq + ~0-11(T) = 0 for certain ~0 ~ J, ~0 * 1, then 

~q+%-ll(T0' T) = -~I.CI,%(T O , T) = -~C l%(T 0+T~0) 

~il(T °, T) = ~i l (T ° + T, O)hi(t) 

for all i ~ / ,  and consequent ly  

{~ij(T °, T), i ~ I, j ~ J}  

form a positive basis. This means  that  

~i(T °, T) - rl%(T °, T) + lqao(T °, T) - ri l(T °, T), ~i(T °, T) - q j ( T  °, T) } 

comprise  a positive basis. Hence ,  it follows that 

{~ij(T °, T), i~  I , j ~  J , j #  1 , -C1%(T °, T)} 

comprise a positive basis. Replacing -Caao(TO, T) by ~ + ao- n(TO, T),  we obtain that, for  any T O > 7" 
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{ ~ i j ( T ° , T ) , i e  I u { q + a o - 1 } , j ~  J , j * l }  

comprise a positive basis. Consequently, the vectors 

{~i j (T°+t ,  T),  i~  I U { q + a  o -  1}, j ~  J, j #  1} (3.3) 

form a positive basis for any t > 0. 
Condition (3.3) is similar to condition (3.2), but in this case the number of evaders in condition (3.3) 

has been reduced by one. Taking the instant T + T o as the initial instant of time, and repeating the 
reasoning until the number of evaders becomes equal to one, we obtain that 

~i l (T°+ t, T), i ~ I 

form a positive basis for any t _ 0, where III = k + 1. Hence, by virtue of the known result in [10], 
capture occurs in game F. 

Theorem 2. Suppose Propositions 1-3 are satisfied, n _> k, and 

0~  Intco{Z°,pl  . . . . .  Pr}, r >  1 (3.4) 

Then, capture occurs in game F. 

4. E X A M P L E S  

Example 1. Systems (2.1) and (2.2) have the form 

Then 

Therefore 

(4) 
Zij ar Z'ij = Ui--1), Ilu,ll_<l, I lv l l -<l  

(3) 3 Zij(O) ---- Z O, Zij(O) = Z]j, Zij(O) = Z 2, Zi, ( 0 ) =  Zij 

cP0(t) = 1, cpl(t) = t, ~2(t) = 1-COSt, (P3(t) = t - s i n t  

1 2 
~ij(t, O) = ~o( t )Z  0 + ~01(t)Z/j + ~2(t )Zi j  + ~03(t)Z 3 = 

, 4  + zb+(z °+ " = z~j) - zqcost  + ZqSlnt 

1 3 We assume that Z~- = Zij + Ziy and Z~. ~ 0. 

Assertion. Suppose n > k and condition (3.4) is satisfied. Then, capture occurs in game F. 

Example 2. Systems (2.1) and (2.2) have the form 

(l) 
gij = lg i -  1), I[Igi[[ ~ l ,  [I'OH ~ 1 

s 
Z~j(O) = zij, s = 0 . . . . .  l - 1  

Then 

t $ 
~s(t) = ~ ,  s = 0  . . . . .  l - 1  
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1-1 s l~..1 s l  s 
~ij(t,  O) = Z q~s(t)ZiJ = 2_~ Ziy~. 

s=O s=O 

l -  1 and Z ° e 0. We assume that Z ° = Zij 

Assertion. Suppose n > k and condition (3.4) is satisfied. Then capture occurs in game F. 
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